Abstract. This survey starts with the historical landmarks leading to the study of principal configurations on surfaces, their structural stability and further generalizations. Here it is pointed out that in the work of Monge, 1796, are found elements of the qualitative theory of differential equations (QTDE), founded by Poincaré in 1881. Here are also outlined a number of recent results developed after the assimilation into the subject of concepts and problems from the QTDE and Dynamical Systems, such as Structural Stability, Bifurcations and Genericity, among others, as well as extensions to higher dimensions. References to original works are given and open problems are proposed at the end of some sections.
Introduction
The book on differential geometry of D. Struik [78] , remarkable for its historical notes, contains key references to the classical works on principal curvature lines and their umbilic singularities due to L. Euler [8] , G. Monge [60] , C. Dupin [7] , G. Darboux [6] and A. Gullstrand [38] , among others (see [77] and, for additional references, also [50] ). These papers -notably that of Monge, complemented with Dupin's-can be connected with aspects of the qualitative theory of differential equations (QTDE for short) initiated by H. Poincaré [65] and consolidated with the study of the structural stability and genericity of differential equations in the plane and on surfaces, which was made systematic from 1937 to 1962 due to the seminal works of Andronov Pontrjagin and Peixoto (see [1] and [63] ).
This survey paper discusses the historical sources for the work on the structural stability of principal curvature lines and umbilic points, developed by C. Gutierrez and J. Sotomayor [43, 44, 48] . Also it addresses other kinds of geometric foliations studied by R. Garcia and J. Sotomayor [27, 29, 33] . See also the papers devoted to other differential equations of classical geometry: the asymptotic lines [18, 28] , and the arithmetic, geometric and harmonic mean curvature lines [30, 31, 32, 33] .
In the historical comments posted in [76] it is pointed out that in the work of Monge, [60] , are found elements of the QTDE, founded by Poincaré in [65] .
The present paper contains a reformulation of the essential historical aspects of [74, 75] . Following the thread of Structural Stability and the QTDE it discusses pertinent extensions and updates references. At the end of some sections related open problems are proposed and commented.
Extensions of the results outlined in section 2.3 to surfaces with generic critical points, algebraic surfaces, surfaces and 3 dimensional manifolds in R 4 have been achieved recently (see, for example, [16, 18, 22, 27, 28, 29, 35, 36, 58] ). An account of these recent developments will be given here.
Historical Landmarks

The Landmarks before Poincaré: Euler, Monge and Dupin.
Leonhard Euler (1707-1783) [8] , founded the curvature theory of surfaces. He defined the normal curvature k n (p, L) on an oriented surface S in a tangent direction L at a point p as the curvature, at p, of the planar curve of intersection of the surface with the plane generated by the line L and the positive unit normal N to the surface at p. The principal curvatures at p are the extremal values of k n (p, L) when L ranges over the tangent directions through p. Thus, k 1 (p) = k n (p, L 1 ) is the minimal and k 2 (p) = k n (p, L 2 ) is the maximal normal curvatures, attained along the principal directions: L 1 (p), the minimal, and L 2 (p), the maximal (see Fig. 1 ).
Euler's formula expresses the normal curvature k n (θ) along a direction making angle θ with the minimal principal direction L 1 as k n (θ) = k 1 cos 2 θ+ k 2 sin 2 θ. Euler, however, seems to have not considered the integral curves of the principal line fields L i : p → L i (p), i = 1, 2, and overlooked the role of the umbilic points at which the principal curvatures coincide and the line fields are undefined. In doing this, by direct integration of the differential equations of the principal curvature lines, circa 1779, Monge was led to the first example of a foliation with singularities on a surface which (from now on) will be called the principal configuration of an oriented surface. The singularities consist on the umbilic points, mathematical term he coined to designate those at which the principal curvatures coincide and the line fields are undefined.
The Ellipsoid, endowed with its principal configuration, will be called Monge's Ellipsoid (see Fig. 2 ). The motivation found in Monge's paper [60] is a complex interaction of esthetic and practical considerations and of the explicit desire to apply the results of his mathematical research to real world problems. The principal configuration on the triaxial ellipsoid appears in Monge's proposal for the dome of the Legislative Palace for the government of the French Revolution, to be built over an elliptical terrain. The lines of curvature are the guiding curves for the workers to put the stones. The umbilic points, from which were to hang the candle lights, would also be the reference points below which to put the podiums for the speakers.
Commenting Monge's work under the perspective of the QTDE The ellipsoid depicted in Fig. 2 contains some of the typical features of the qualitative theory of differential equations discussed briefly in a) to d) below: a) Singular Points and Separatrices. The umbilic points play the role of singular points for the principal foliations, each of them has one separatrix for each principal foliation. This separatrix produces a connection with another umbilic point of the same type, for which it is also a separatrix, in fact an umbilic separatrix connection. b) Cycles. The configuration has principal cycles. In fact, all the principal lines, with the exception of the four umbilic connections, are periodic. The cycles fill a cylinder or annulus, for each foliation. This pattern is common to all classical examples, where no surface exhibiting an isolated cycle was known. This fact seems to be derived from the symmetry of the surfaces considered, or from the integrability that is present in the application of Dupin's Theorem for triply orthogonal families of surfaces.
As was shown in [43] , these configurations are exceptional; the generic principal cycle for a smooth surface is a hyperbolic limit cycle (see below). c) Structural Stability (relative to quadric surfaces). The principal configuration remains qualitatively unchanged under small perturbations on the coefficients of the quadratic polynomial that defines the surface. d) Bifurcations. The drastic changes in the principal configuration exhibited by the transitions from a sphere, to an ellipsoid of revolution and to a triaxial ellipsoid (as in Fig. 2 ), which after a very small perturbation, is a simple form of a bifurcation phenomenon.
Charles Dupin (1784-1873) considered the surfaces that belong to triply orthogonal surfaces, thus extending considerably those whose principal configurations can be found by integration. Monge's Ellipsoid belongs to the family of homofocal quadrics (see [78] and Fig. 3 ).
The conjunction of Monge's analysis and Dupin extension provides the first global theory of integrable principal configurations, which for quadric surfaces gives those which are also principally structurally stable under small perturbations of the coefficients of their quadratic defining equations. This connection seems to have been overlooked by Monge's scientific historian René Taton (1915 Taton ( -2004 in his remarkable book [79] .
2.2. Poincaré and Darboux. The exponential role played by Henri Poincaré (1854-1912) for the QTDE as well as for other branches of mathematics is well known and has been discussed and analyzed in several places (see for instance [3] and [64] ).
Here we are concerned with his Mémoires [65] , where he laid the foundations of the QTDE. In this work Poincaré determined the form of the solutions of planar analytic differential equations near their foci, nodes and saddles. He also studied properties of the solutions around cycles and, in the case of polynomial differential equations, also the behavior at infinity.
Gaston Darboux (1842 Darboux ( -1917 determined the structure of the lines of principal curvature near a generic umbilic point. In his note [6] , Darboux uses the theory of singularities of Poincaré. In fact, the Darbouxian umbilics are those whose resolution by blowing up reduce only to saddles and nodes (see Figs. 4 
and 5).
Let p 0 ∈ S be an umbilic point. Consider a chart (u, v) : (S, p 0 ) → (R 2 , 0) around it, on which the surface has the form of the graph of a function such as This is achieved by projecting S onto T p 0 S along N (p 0 ) and choosing there an orthonormal chart (u, v) on which the coefficient of the cubic term u 2 v vanishes. An umbilic point is called Darbouxian if, in the above expression, the following 2 conditions T) and D) hold:
The corroboration of the pictures in Fig. 4 , which illustrate the principal configurations near Darbouxian umbilics, has been given in [43, 48] ; see also [4] and Fig. 5 for the Lie-Cartan resolution of a Darbouxian umbilic.
The subscripts refer to the number of umbilic separatrices, which are the curves, drawn with heavy lines, tending to the umbilic point and separating regions whose principal lines have different patterns of approach. After the seminal work of Andronov-Pontrjagin [1] on structural stability of differential equations in the plane and its extension to surfaces by Peixoto [63] and in view of the discussion on Monge's Ellipsoid formulated above, an inquiry into the characterization of the oriented surfaces S whose principal configuration are structurally stable under small C r perturbations, for r ≥ 3, seems unavoidable.
Call Σ(a, b, c, d) the set of smooth compact oriented surfaces S which verify the following conditions. a) All umbilic points are Darbouxian. b) All principal cycles are hyperbolic. This means that the corresponding return map is hyperbolic; that is, its derivative is different from 1. It has been shown in [43] that hyperbolicity of a principal cycle γ is equivalent to the requirement that
where H = (k 1 + k 2 )/2 is the mean curvature and K = k 1 k 2 is the gaussian curvature.
c) The limit set of every principal line is contained in the set of umbilic points and principal cycles of S.
The α-(resp. ω) limit set of an oriented principal line γ, defined on its maximal interval I = (w − , w + ) where it is parametrized by arc length s, is the collection α(γ)-(resp. ω(γ)) of limit point sequences of the form γ(s n ), convergent in S, with s n tending to the left (resp. right) extreme of I. The limit set of γ is the set Ω = α(γ) ∪ ω(γ).
Examples of surfaces with non trivial recurrent principal lines, which violate condition c are given in [44, 48] for ellipsoidal and toroidal surfaces.
There are no examples of these situations in the classical geometry literature.
d) All umbilic separatrices are separatrices of a single umbilic point. Separatrices which violate d are called umbilic connections; an example can be seen in the ellipsoid of Fig. 2 .
To make precise the formulation of the next theorems, some topological notions must be defined.
A sequence S n of surfaces converges in the C r sense to a surface S provided there is a sequence of real functions f n on S, such that S n = (I + f n N )(S) and f n tends to 0 in the C r sense; that is, for every chart (u, v) with inverse parametrization X, f n • X converges to 0, together with the partial derivatives of order r, uniformly on compact parts of the domain of X.
A set Σ of surfaces is said to be open in the C r sense if every sequence S n converging to S in Σ in the C r sense is, for n large enough, contained in Σ.
A set Σ of surfaces is said to be dense in the C r sense if, for every surface S, there is a sequence S n in Σ converging to S the C r sense.
A surface S is said to be C r -principal structurally stable if for every sequence S n converging to S in the C r sense, there is a sequence of homeomorphisms H n from S n onto S, which converges to the identity of S, such that, for n big enough, H n is a principal equivalence from S n onto S. That is, it maps U n , the umbilic set of S n , onto U, the umbilic set of S, and maps the lines of the principal foliations F i,n , of S n , onto those of F i , i = 1, 2, principal foliations for S. This remains among the most intractable questions in this subject, involving difficulties of Closing Lemma type, [66] , which also permeate other differential equations of classical geometry, [33] . Problem 2. Is it possible to have a smooth embedding of the Torus T 2 into R 3 with both maximal and minimal non-trivial recurrent principal curvature lines?
Examples with either maximal or minimal principal recurrences can be found in [44, 48] .
Curvature Lines near Umbilic Points
The purpose of this section is to present the simplest qualitative changes -bifurcations-exhibited by the principal configurations under small perturbations of an immersion which violates the Darbouxian structural stability condition on umbilic points.
It will be presented the two codimension one umbilic points D 1 2 and D 1 2,3 , illustrated in Fig. 6 Figs. 4 and 8. The superscript stands for the codimension which is the minimal number of parameters on which depend the families of immersions exhibiting persistently the pattern. The subscripts stand for the number of separatrices approaching the umbilic. In the first case, this number is the same for both the minimal and maximal principal curvature foliations. In the second case, they are not equal and, in our notation, appear separated by a comma. The symbols p, for parabolic, and h, for hyperbolic, have been added to the subscripts above in order to distinguish types that are not discriminated only by the number of separatrices.
Preliminaries on Umbilic Points.
The following assumptions will hold from now on. Let p 0 be an umbilic point of an immersion α of an oriented surface M into R 3 , with a once for all fixed orientation. It will be assumed that α is of class C k , k ≥ 6. In a local Monge chart near p 0 and a positive adapted 3−frame, α is given by α(u, v) = (u, v, h(u, v)), where
Notice that, without loss of generality, the term u 2 v has been eliminated from this expression by means of a rotation in the (u, v)− frame.
According to [77] and [78] , the differential equation of lines of curvature in terms of I = Edu 2 + 2F dudv + Gdv 2 and II = edu 2 + 2f dudv + gdv 2 around p 0 is:
Umbilic Points of Codimension One.
A characterization of umbilic points of codimension one is the following theorem announced in [45] and proved in [20] . Global effects, due to umbilic bifurcations, on these configurations such as the appearance and annihilation of principal cycles were studied in [20] and are outlined in section 7.
Umbilic Points of Codimension Two.
The characterization of umbilic points of codimension two, generic in biparametric families of immersions, were established in [36] and will be reviewed in Theorem 5 below. Let (u, v) be isothermic coordinates in a neighborhood of an isolated umbilic point p = 0 of an immersion α : M 2 → R 3 with constant mean curvature H α . In terms of φ = (e − g)/2 − if , and w = u + iv, the equation of principal lines is written as Im(φ(w)dw 2 ) = 0. See also [47] and [55] . The index of an isolated umbilical point with complex coordinate w = 0 is equal to −n/2, where n is the order of the zero of φ at w = 0. There are n + 2 rays L 0 , L 1 , . . . , L n+1 through 0 ∈ T p M, of which two consecutive rays make an angle of 2π/(n + 2). Tangent at p to each ray L i , there is exactly one maximal principal line S i of F 2 (α) which approaches p. Two consecutive lines S i , S i+1 , i = 0, 1, 2, . . . , n + 1 (S n+2 = S 0 ), bound a hyperbolic sector of F 2 (α). The angular sectors bounded by L i and L i+1 are bisected by rays l i , i = 0, 1, . . . , n + 1, which play for F 1 (α) the same role as L i for F 2 (α).
See Fig. 9 for an illustration. The lines S i , are called separatrices of F 2 (α) at p. Similarly, for F 1 (α). In this subsection the results of [34] will be outlined. The interest on the structure of principal lines in a neighborhood of a continuum of umbilic points, forming a curve, in an analytic surface goes back to the lecture of Carathéodory [5] .
Let c : [0, l] → R 3 be a regular curve parametrized by arc length u contained in a regular smooth surface M, which is oriented by the once for all given positive unit normal vector field N .
Let T •c = c ′ . According to Spivak [77] , the Darboux frame {T, N ∧T, N } along c satisfies the following system of differential equations:
where k n is the normal curvature, k g is the geodesic curvature and τ g is the geodesic torsion of the curve c. (5) where
The differential equation of curvature lines in the chart α is given by 
. Let ∆ and δ be defined by
Then the principal foliations at this point are as follows. In the previous propositions have been studied a sample of the most generic situations, under the restriction on the surface of having an umbilic curve. Below will be considered the case where k is a constant which implies the additional constrain that the umbilic curve be spherical or planar, a case also partially considered in Carathéodory [5] . Under this double imposition the simplest patterns of principal curvature lines are analyzed in what follows. 
When the above integral is non zero the principal lines spiral towards
Curvature Lines in the Neighborhood of Critical Points
In this section, following [19] , [25] and [47] , will be described the local behavior of principal curvature lines near critical points of the surface such as Whitney umbrella critical points, conic critical points and elementary ends of immersions with constant mean curvature.
Curvature Lines around Whitney Umbrella Critical Points.
In this subsection it will be described the behavior of principal lines near critical points of Whitney type of smooth immersions α : M → R 3 .
The mapping α is said to have a Whitney umbrella at 0 provided it has rank 1 and its first jet extension j 1 α is transversal to the codimension 2 submanifold S 1 (2, 3) of 1-jets of rank 1 in the space J 1 (2, 3) of 1-jets of smooth mappings of (R 2 , 0) to (R 3 , 0). In coordinates this means that there exist a local chart (u, v) such that α u (0) = 0, α v (0) = 0 and [α u , α uv , α vv ] = 0. Here [., ., .] means the determinant of three vectors.
The structure of a smooth map near such point is illustrated in Fig.  13 . It follows from the work of Whitney [81] that these points are isolated and in fact have the following normal form under diffeomorphic changes of coordinates in the source and target (A-equivalence): For the study of principal lines the following proposition is useful. 
and O(4) means terms of order greater than or equal to four.
The differential equation of the lines of curvature of the map α around a Whitney umbrella point (0, 0), as in Proposition 5, is given by:
Then the principal configuration near p has the following structure: Each principal foliation F i (α) of α has exactly two sectors at p; one parabolic and the other hyperbolic. Also, the separatrices of these sectors are tangent to the kernel of Dα p . [19] .
Remark 1. Global aspects of principal configurations of maps with Whitney umbrellas was carried out in
Curvature Lines near Conic Critical Points.
A surface in Euclidean R 3 -space is defined implicitly as the variety V(f ) of zeroes of a real valued function f , assumed of class C k .
The points p ∈ V(f ) at which the first derivative df p does not vanish (resp. vanishes) are called regular (resp. critical); they determine the set denoted R(f ) (resp. C(f )), called the regular or smooth (resp. critical) part of the surface.
The orientation on V(f ), or rather R(f ), is defined by taking the gradient ∇f to be the positive normal. In canonical coordinates (x, y, z) it follows that ∇f = (f x , f y , f z ).
The Gaussian normal map N f , of R(f ) into S 2 is defined by N f = ∇f /|∇f |.
On R(f )\U(f ), the eigenspaces of DN f associated to −k 1 f (p) and
The integral foliations F 1 (f ) and F 2 (f ) of the lines fields L 1 (f ) and L 2 (f ) are called, respectively, the minimal and maximal foliations of V(f ).
The net P(f ) = (
A surface V(f ) of class C k , k ≥ 3, is said to have a non degenerate critical point at p provided that function f vanishes together with its first partial derivatives at p and that the determinant of the Hessian matrix
The local differentiable structure of V(f ), is determined, modulo diffeomorphism, by the number ν = ν(f, p) of negative eigenvalues of H(f, p); ν is called the index of the critical point.
It will be assumed that ν = 1 and that in the orthonormal coordinates (x, y, z) the critical point is 0 such that the diagonal quadratic part of f is given by:
where a ijk are functions of class C k−3 .
Then F 1 (f 111 ) spirals locally around the critical conic point. See Fig. 15 . The other principal foliation F 2 (f 111 ) preserves locally the radial behavior of F 1 (f 2 ). More precisely, there is a local orientation preserving homeomorphism mapping {V(f 111 ), 0} to {V(f 2 ), 0}, sending the principal net P(f 111 ) on the net F = (F 1 , F 2 ) on V(f 2 ), defined by the integral foliations F 1 and F 2 of the vector fields
2 y∂/∂x + b 2 x∂/∂y, X 2 = σz(x∂/∂x + y∂/∂y + z∂/∂z). 
there is a local orientation preserving homeomorphism mapping {V(f ), 0} to {V(f 111 ), 0}, sending the principal net P(f ) on that of P(f 111 ). Here
Remark 2. Local and global stability of principal nets P(f ) on surfaces defined implicitly were also studied in [25] .
Ends of Surfaces Immersed with Constant Mean Curvature.
Let (u, v) : M → R 2 \ {0} be isothermic coordinates for an immersion α : M → R 3 with constant mean curvature. If the associated complex function φ(w), w = u + iv, has in zero a pole of order n = 2, then there exists a small neighborhood V of 0 in R 2 such that the principal lines of α, restricted to (u, v) −1 (V \ {0}), distribute themselves (modulo topological equivalence) as if the associated complex function were w −n .
An end of the immersion α defined by the system of open sets U j = {(u, v) : u 2 + v 2 < 1/j, j ∈ N} where (u, v) are isothermic coordinates for α, on which the associated complex function φ has a pole of order n in (u, v) = (0, 0), is called an elementary end of order n of α. The index of such an elementary end is n/2.
The lines of curvature of an immersion α with constant mean curvature near an elementary end E of order n are described as follows. See more details in [47] and Fig. 16 . a) For n = 1, there is exactly one line S (resp. s) of F 1 (α) (resp. F 2 (α)) which tends to E, all the other lines fill a hyperbolic sector bounded by E and S (resp. s). b) For n = 2, suppose that φ(z) is the associated complex and a = lim z→0 z 2 φ(z). There are two cases: b.1) a / ∈ R ∪ (iR). Then the lines of F 1 (α) and F 2 (α), tend to E.
b.2) a ∈ R ∪ (iR). Then the lines of F 1 (α) (resp. F 2 (α)) are circles or rays tending to E and those of F 2 (α), (resp. F 1 (α)) are rays or circles. c) For n ≥ 3, every line of F 1 (α) and F 2 (α), tends to E. The principal lines distribute themselves into n − 2 elliptic sectors, two consecutive of which are separated by a parabolic sector. Figure 16 . Curvature lines near elementary end points.
Curvature Lines near Principal Cycles
A compact leaf γ of F 1 (α) (resp. F 2 (α)) is called a minimal (resp. maximal) principal cycle.
A useful local parametrization near a principal cycle is given by the following proposition and was introduced by Gutierrez and Sotomayor in [43] .
where k 2 is the principal curvature in the direction of N ∧ T , defines a local C ∞ chart on the surface M defined in a small tubular neighborhood of γ.
Remark 3. Calculation shows that the following relations hold
is the geodesic curvature of the maximal principal curvature line which pass through γ(s).
Proposition 7 (Gutierrez-Sotomayor). [43] Let γ be a minimal principal cycle of an immersion α : M → R 3 of length L. Denote by π α the first return map associated to γ. Then
The following result established in [46] is improved in the next proposition.
Proposition 8. Let γ be a minimal principal cycle of length L of a surface
Consider a chart (s, v) in a neighborhood of γ given by equation (7) . Denote by k 1 and k 2 the principal curvatures of M. Let Jac(
and suppose that γ is not hyperbolic, i.e. the first derivative of the first return map π associated to γ is one. Then the second derivative of π is given by:
Theorem 9. [24, 26] For a principal cycle γ of multiplicity n, 1 ≤ n < ∞, there is a chart (u, v) with c = {v = 0}, such that the principal lines are given by du =0, dv − a 1 vdu, a 1 ∈ R, for n = 1.
du =0, dv − v n (a n − a 2n−1 v n−1 )du = 0; a n , a 2n−1 ∈ R, and n ≥ 2.
Here, the numbers a 1 , a n and a 2n−1 are uniquely determined by the jet of order 2n + 1 of immersion α along γ and can be expressed in terms of integrals involving the principal curvatures k 1 (u, v) and k 2 (u, v) and its derivatives.
The next result establishes how a principal cycle of multiplicity n, 2 ≤ n < ∞, of an immersion α splits under deformations α ǫ .
Recall from [37] that a family of functions U (., ǫ), ǫ ∈ R n , is an universal unfolding of U (., 0) if for any deformation H(., θ), θ ∈ R l of U (., 0), the following equation H(v, θ) = S(v, θ)U (β(v, θ), λ(θ)) holds.
Here S, β and λ are C ∞ functions with S(v, θ) > 0, β(v, 0) = v, λ(0) = 0. Furthermore it is required that n is the minimal number with this property.
For a minimal principal cycle γ of α on which k 1 is not constant consider the following deformation:
Here v is a C ∞ function on M such that v| c = 0, ∇ α v is a unit vector on the induced metric <, > a ; ∇ α denotes the gradient relative to this metric and δ is a non negative function, identically 1 on a neighborhood of γ, whose support is contained on the domain of v.
Theorem 10.
[26] For a minimal principal cycle γ of multiplicity n, 2 ≤ n < ∞, of α, on which the principal curvature k 1 is not a constant, the following holds.
The function U (x, ǫ) = π αǫ (x) − x provides a universal unfolding for U (., 0) = π α − id. Here π αǫ denotes the return map of the deformation α ǫ .
Remark 4.
i) Principal cycles on immersed surfaces with constant mean curvature was studied in [47] .
There is proved that the Poincaré transition map preserves a transversal measure and the principal cycles appears in open sets, i.e. they fill an open region. ii) Principal cycles on immersed Weingarten surfaces have been studied
in [73] .
They also appear in open sets. iii) In [24] was established an integral expression for π ′ in terms of the principal curvatures and the Riemann Curvature Tensor of the manifold in which the surface is immersed. It seems challenging to discover the general pattern for the higher derivatives of the return map in this case.
Curvature Lines on Canal Surfaces
In this section it will determined the principal curvatures and principal curvature lines on canal surfaces which are the envelopes of families of spheres with variable radius and centers moving along a closed regular curve in R 3 , see [80] . This study were carried out in [21] .
Consider the space R 3 endowed with the Euclidean inner product < , > and norm | | =< , > 1/2 as well as with a canonical orientation.
Let c be a smooth regular closed curve immersed in R 3 , parametrized by arc length s ∈ [0, L]. This means that
Assume also that the curve is bi-regular. That is:
Along c is defined its moving Frenet frame {t, n, b}. Following Spivak [77] and Struik [78] , this frame is positive, orthonormal and verifies Frenet equations:
Equations (10) to (12) define the unit tangent, t, principal normal, n, curvature, κ, binormal, b = t ∧ n, and torsion, τ , of the immersed curve c. 
Assuming (14), with r ′ (s) < 1, α is an immersion provided
Definition 1. A mapping such as α, of T 2 into R 3 , satisfying conditions (14) and (15) will be called an immersed canal surface with center along c(s) and radial function r(s). When r is constant, it is called an immersed tube. Due to the tangency condition (14) , the immersed canal surface α is the envelope of the family of spheres of radius r(s) whose centers range along the curve c(s).
Theorem 11. Let α : S 1 × S 1 → R 3 be a smooth immersion expressed by (13) . Assume the regularity conditions (14) and (15) as in Proposition 9 and also that
The maximal principal curvature lines are the circles tangent to ∂/∂ϕ. The maximal principal curvature is
The minimal principal curvature lines are the curves tangent to
The expression
is negative, and the minimal principal curvature is given by
.
There are no umbilic points for α: k 1 (s, ϕ) < k 2 (s). 
Curvature Lines near Umbilic Connections and Loops
A principal line γ which is an umbilic separatrix of two different umbilic points p, q of α or twice a separatrix of the same umbilic point p of α is called an umbilic separatrix connection of α; in the second case γ is also called an umbilic separatrix loop. The simplest bifurcations of umbilic connections, including umbilic loops, as well as the consequent appearance of principal cycles will be outlined below, following [49] and [20] .
There are three types of umbilic connections, illustrated in Fig. 17 , from which principal cycles bifurcate. They are defined as follows:
• C 11 -simple connection, which consists in two D 1 umbilics joined by their separatrix, whose return map T has first derivative T ′ = 1. In [49] this derivative is expressed in terms of the third order jet of the surface at the umbilics 1 .
• C 22 -simple loop, which consists in one D 2 umbilic point self connected by a separatrix, whose return map T verifies lim x→0+ log(T (x))/ log(x) = 1. In [49] this derivative is expressed in terms of the third order jet of the surface at the umbilic.
• C 33 -simple loop, the same as above exchanging D 2 by D 3 umbilic point. Below will be outlined the results obtained in [20] . There are two bifurcation patterns producing principal cycles which are associated with the bifurcations of D 1 2 and D 1 2,3 umbilic points, when their separatrices form loops, self connecting these points. They are defined as follows.
• A D 1 2 -interior loop consists on a point of type D 1 2 and its isolated separatrix, which is assumed to be contained in the interior of the parabolic sector. See Fig. 18 , where such loop together with the bifurcating principal cycle are illustrated. Here, a hyperbolic principal cycle bifurcates from the loop when the D 1 2 point bifurcates into D 1 . If both principal foliations have D 1 2 -interior loops (at the same D 1 2 point), after bifurcation there appear two hyperbolic cycles, one for each foliation. This case will be called double D 1 2 -interior loop. In Fig. 19 , Fig. 18 has been modified and completed accordingly so as to represent both maximal and minimal foliations, each with its respective D 1 2 -interior loops (left) and bifurcating hyperbolic principal cycles (right). • A D 1 2,3 -interior loop consists on a point of type D 1 2,3 and its hyperbolic separatrix, which is assumed to be contained in the interior of the parabolic sector. See Fig. 20 , where such loop together with the bifurcating principal cycle are illustrated. Here, a unique hyperbolic principal cycle bifurcates from the loop when the umbilic points are annihilated. 
Principal Configurations on Algebraic Surfaces in R 3
An algebraic surface of degree n in Euclidean (x 1 , x 2 , x 3 )-space R 3 is defined by the variety A(α) of real zeros of a polynomial α of the form α = α h , h = 0, 1, 2, ..., n, where α h is a homogeneous polynomial of degree h: α h = a ijk x i 1 x j 2 x k 3 , i + j + k = h, with real coefficients. An end point or point at infinity of A(α) is a point in the unit sphere S 2 , which is the limit of a sequence of the form p n /|p n |, for p n tending to infinity in A(α).
The end locus or curve at infinity of A(α) is defined as the collection E(α n ) of end points of A(α). Clearly, E(α) is contained in the algebraic set E(α) = {p ∈ S 2 ; α(p) = 0}, called the algebraic end locus of A(α).
A surface A(α) is said to be regular (or smooth) at infinity if 0 is a regular value of the restriction of α n to S 2 . This is equivalent to require that ∇α n (p) ∧ p does not vanish whenever α n (p) = 0, p = 0. In this case, clearly E(α) = E n (α) and, when non empty, it consists of a finite collection {γ i ; i = 1, . . . , k(α n )} of smooth closed curves, called the (regular) curves at infinity of A(α); this collection of curves is invariant under the antipodal map, a : p → −p, of the sphere.
There are two types of curves at infinity: odd curves if a(γ i ) = γ i , and even curves if γ j = a(γ i ) is disjoint from γ i .
A regular end point p of A(α) in S 2 will be called an ordinary or biregular end point of A(α) if the geodesic curvature, k g , of the curve E(α) at p, considered as a spherical curve, is different from zero; it is called singular or inflexion end point if k g is equal to zero.
An inflexion end point p of a surface A(α) is called bitransversal, provided the following two transversality conditions hold:
. There are two different types of bitransversal inflexion end points, illustrated in Fig. 2 : hyperbolic if k ′ g .ν < 0 and elliptic if k ′ g .ν > 0. Figure 21 . Principal nets near biregular (left) and bitransversal end points (hyperbolic, center, and elliptic, right).
A regular end curve γ all whose points are biregular, i.e. γ is free from inflexion points, will be called a principal cycle at infinity; it will be called semi-hyperbolic if
Little is know about the structure of principal nets on algebraic surfaces of degree n. The case of quadrics (n = 2), where the principal nets are fully known, is a remarkable exception, whose study goes back to the classical works of Monge [60] , Dupin [7] , and Darboux [6] , among others. See the discussion in section 2 and also [77] , [78] .
The description of their principal nets in terms of intersections of the surface with other families of quadrics in triply orthogonal ellipsoidal coordinate systems, appear in most differential geometric presentations of surface theory, notably Struik's and Spivak's [78] , [77] . Also, Geometry books of general expository character, such as Fischer [10] and Hilbert-Cohn Vossen [54] , also explain these properties of quadrics and include pictorial illustrations of their principal nets.
For algebraic surfaces of degrees three (cubics), four (quartics) and higher, however, nothing concerning principal nets, specific to their algebraic character, seems to be known.
Consider the vector space A n of all polynomials of degree less than or equal to n, endowed with the structure of R N -space defined by the N = N (n) coefficients of the polynomials α. Here N (n) = (n + 1)(n + 2)(n + 3)/6. The distance in the space A n will be denoted d n (., .).
Structural Stability for (the principal net of) an algebraic surface A(α) of degree n means that there is an ǫ > 0 such that for any β with d(α, β) < ǫ there is a homeomorphism h from A(α) onto A(β) mapping U (α) to U (β) and also mapping the lines of F 1 (α) and F 2 (α) onto those of F 1 (β) and F 2 (β), respectively.
Denote by Σ n the class of surfaces A(α), α ∈ A n , which are regular and regular at infinity and satisfy simultaneously that: a) All its umbilic points are Darbouxian and all inflexion ends are bitransversal. b) All its principal cycles are hyperbolic and all biregular end curves, i.e. cycles at infinity, are semi-hyperbolic. c) There are no separatrix connections (outside the end locus) of umbilic and inflexion end points. d) The limit set of any principal line is a principal cycle (finite or infinite), an umbilic point or an end point. These conditions extend to algebraic surfaces of degree n, n ≥ 3, the conditions given by Gutierrez and Sotomayor in [43, 44, 48] , which imply principal stability for compact surfaces.
Theorem 12.
[27] Suppose that n ≥ 3. The set Σ n is open in A n , and any surface A(α) on it is principally structurally stable. 
To close this section an open problem is proposed.
Problem 3. Determine the class of principally structurally stable cubic and higher degree surfaces. In other words, prove or disprove the converse of 12.
Prove the density of Σ n in A n , for n = 3 and higher.
Theorem 1 in section 2.1 deals with the case of degree 2 -quadricsurfaces.
Axial Configurations on Surfaces Immersed in R 4
Landmarks of the Curvature Theory for surfaces in R 4 are the works of Wong [82] and Little [57] , where a review of properties of the Second Fundamental Form, the Ellipse of Curvature (defined as the image of this form on unit tangent circles) and related geometric and singular theoretic notions are presented. These authors give a list of pertinent references to original sources previous to 1969, to which one must add that of Forsyth [12] . Further geometric properties of surfaces in R 4 have been pursued by Asperti [2] and Fomenko [11] , among others.
For an immersion α of a surface M into R 4 , the axiumbilic singularities U α , at which the ellipse of curvature degenerates into a circle, and the lines of axial curvature are assembled into two axial configurations: the principal axial configuration: P α = {U α , X α } and the mean axial configuration:
Here, P α = {U α , X α } is defined by the axiumbilics U α and the field of orthogonal tangent lines X α , on M\U α , on which the immersion is curved along the large axis of the curvature ellipse. The reason for the name given to this object is that for surfaces in R 3 , P α reduces to the classical principal configuration defined by the two principal curvature direction fields {X α1 , X α2 }, [43, 48] . Also, in Q α = {U α , Y α }, Y α is the field of orthogonal tangent lines Y α on M\U α , on which the immersion is curved along the small axis of the curvature ellipse. For surfaces in R 3 the curvature ellipse reduces to a segment and the crossing Y α splits into the two mean curvature line fields {Y α1 , Y α2 }. In this case Q α reduces to the mean configuration defined by umbilic points and line fields along which the normal curvature is equal to the Mean Curvature. That is the arithmetic mean of the principal curvatures.
The global aspects of arithmetic mean configurations of surfaces immersed in R 3 have been studied by Garcia and Sotomayor in [30] . Examples of quadratic ellipsoids such that all arithmetic mean curvature lines are dense were given.
Other mean curvature functions have been studied by Garcia and Sotomayor in [31, 32, 33] , unifying the arithmetic, geometric and harmonic classical means of the principal curvatures.
The global generic structure of the axial principal and mean curvature lines, along which the second fundamental form points in the direction of the large and the small axes of the Ellipse of Curvature was developed by Garcia and Sotomayor, [29] .
A partial local attempt in this direction has been made by Gutierrez et al. in the paper [41] , where the structure around the generic axiumbilic points (for which the ellipse is a circle) is established for surfaces smoothly immersed in R 4 . See Fig. 22 for an illustration of the three generic types: E 3 , E 4 , E 5 , established in [41] and also in [29] .
These points must regarded as the analogous to the Darbouxian umbilics: [43, 48] . In both cases, the subindices refer to the number of separatrices approaching the singularity. In a chart (u, v), the first fundamental form of α is given by:
The second fundamental form is given by:
where,
The normal curvature vector at a point p in a tangent direction v is given by:
Denote by T M the tangent bundle of M and by N M the normal bundle of α. The image of the unitary circle of T p M by k n (p) : T p M → N p M, being a quadratic, map is either an ellipse, a point or a segment. In any case, to unify the notation, it will be refereed to as the ellipse of curvature of α and denoted by E α .
The mean curvature vector H is defined by:
Therefore, the ellipse of curvature E α is given by the image of:
The tangent directions for which the normal curvature are the axes, or vertices, of the ellipse of curvature E α are characterized by the following quartic form given by the Jacobian of the pair of forms below, the first being quartic and the second quadratic:
Expanding the equation above, it follows that the differential equation for the corresponding tangent directions, which defines the axial curvature lines, is given by a quartic differential equation:
Remark 7. Suppose that the surface M is contained into R 3 with e 2 = f 2 = g 2 = 0. Then the differential equation (20) (20) is given by Jac(II α , I α ).Jac(Jac(II α , I α ), I α ) = 0.
Let M 2 be a compact, smooth and oriented surface. Call M k the space of C k immersions of M 2 into R 4 , endowed with the C k topology.
An immersion α ∈ M k is said to be Principal Axial Stable if it has a C k , neighborhood V(α), such that for any β ∈ V(α) there exist a homeomorphism h : M 2 → M 2 mapping U α onto U β and mapping the integral net of X α onto that of X β . Analogous definition is given for Mean Axial Stability.
Sufficient conditions are provided to extend to the present setting the Theorem on Structural Stability for Principal Configurations due to Gutierrez and Sotomayor [43, 44, 48] . Consider the subsets P k (resp. Q k ) of immersions α defined by the following conditions: a) all axiumbilic points are of types: E 3 , E 4 or E 5 ; b) all principal (resp. mean) axial cycles are hyperbolic; c) the limit set of every axial line of curvature is contained in the set of axiumbilic points and principal (resp. mean) axial cycles of α; d) all axiumbilic separatrices are associated to a single axiumbilic point; this means that there are no connections or self connections of axiumbilic separatrices. [22] , [23] , [40] , [58] , [67] .
Principal Configurations on Immersed Hypersurfaces in R 4
Let M m be a C k , k ≥ 4, compact and oriented, m− dimensional manifold. An immersion α of M m into R m+1 is a map such that Dα p : T M m p → R m+1 is one to one, for every p ∈ M m . Denote by J k = J k (M m , R m+1 ) the set of C k -immersions of M m into R m+1 . When endowed with the C s − topology of Whitney, s ≤ k, this set is denoted by J k,s . Associated to every α ∈ J k is defined the normal map N α : M m → S m : It is well know that ω α is a self adjoint endomorphism, when T M m is endowed with the metric <, > α induced by α from the metric in R m+1 .
The opposite values of the eigenvalues of ω α are called principal curvatures of α and will be denoted by k 1 ≤ . . . ≤ k m . The eigenspaces associated to the principal curvatures define m C k−2 line fields L i (α), (i = 1, . . . , m) mutually orthogonal in T M m (with the metric <, > α ), called principal line fields of α. They are characterized by Rodrigues' equations [77] , [78] .
The integral curves of L i (α), (i = 1, . . . , m) outside their singular set, are called lines of principal curvature. The family of such curves i.e. the integral foliation of L i (α) will be denoted by F i (α) and are called the principal foliations of α.
Curvature lines near Darbouxian partially umbilic curves.
In the three dimensional case, there are three principal foliations F i (α) which are mutually orthogonal. Here two kind of singularities of the principal line fields L i (α) (i = 1, 2, 3) can appear. Define the sets,
The sets U(α), P(α) are called, respectively,umbilic set and partially umbilic set of the immersion α.
Generically, for an open and dense set of immersions in the space J k,s , U(α) = ∅ and P(α) is either, a submanifold of codimension two or the empty set.
A connected component of S(α) is called a partially umbilic curve. The study of the principal foliations near S(α) were carried out in [13, 14, 16] , where the local model of the asymptotic behavior of lines of principal curvature was analyzed in the generic case.
In order to state the results the following definition will be introduced.
Definition 2. Let p ∈ M 3 be a partially umbilic point such that
be a local chart and R : R 4 → R 4 be an isometry such that: 4 , where {e 1 , e 2 , e 3 , e 4 } is the canonical basis of R 4 and
The point p is called a Darbouxian partially umbilic point of type D i if the p verifies the transversality condition T ) b(b − a) = 0 and the condition D i below holds
We observe that the term du 2 2 u 3 was eliminated by an appropriated rotation.
A partially umbilic point which satisfy the condition T belongs to a regular curve formed by partially umbilic points and that this curve is transversal to the geodesic surface tangent to the umbilic plane, which is the plane spanned by the eigenvectors corresponding to the multiple eigenvalues.
A [13] and [14] .
ii) The conditions that define the types D i are independent of coordinates. Also, these conditions are closely related to those that define the Darbouxian umbilic points in the two dimensional case, see [4] , [6] and [20, 43, 45, 48] , as well as subsection 3.2.
The main result announced in [14] and proved in [13, 16] is the following theorem. surfaces as above and exactly three hyperbolic regions of F 2 (α). iv) The same happens for the foliation F 3 (α) which is orthogonal to F 2 (α) and singular in the curve c. Moreover, the invariant surfaces of F 3 (α), in each case D i , are tangent to the invariant surfaces of F 2 (α) along c. v) Fig. 23 shows the behavior of F 2 (α) in the neighborhood of a Darbouxian partially umbilic curve. The foliation F 3 (α) has a similar behavior. Fig. 24 shows the behavior of F 2 (α) near the projective line (blowing-up).
Remark 10.
i) The union of the invariant surfaces of F 2 (α) and F 3 (α) which have the same tangent plane at the curve c is of class C k−2 .
ii) The distribution of planes defined by L i (α), i.e. the distribution that has L i (α) as a normal vector, is not integrable in general, and so, the situation is strictly tridimensional. In Fig. 25 it is shown the generic behavior of principal foliation F 2 (α) and F 3 (α) near the transitions of arcs D 1 -D 2 and D 2 -D 3 . See [13, 14] . 
Curvature lines near hyperbolic principal cycles.
Next it will be described the behavior of principal foliations near principal cycles, i.e., closed principal lines of F i (α).
Let c be principal cycle of the principal foliation F 1 (α). With respect to the positive orthonormal frame {e 1 , e 2 , e 3 , N }, Darboux's equations for the curve α • c are given by the following system, see [77] . where ω ij =< ∇ e 1 e i , e j > .
In order to study the behavior of F 1 (α) in the neighborhood of c we will study the Poincaré map Π associated to F 1 (α) whose definition is reviewed as follows.
Let (u 1 , u 2 , u 3 ) be the system of coordinates given by lemma 1. Consider in these coordinates the transversal sections {u 1 = 0} and {u 1 = L} and define the map Π : {u 1 = 0} → {u 1 = L} in the following way. The principal cycle c is called hyperbolic if the eigenvalues of Π ′ (0) are disjoint from the unitary circle, [72] . 
Theorem 15.
[15] Let c be a principal cycle of F 1 (α). Suppose that the principal curvature k 1 is not constant along c. Then, given ǫ > 0, there exists an immersionα ∈ J ∞,r (M 3 , R 4 ) such that ||α −α|| < ǫ and c is a hyperbolic principal cycle of F 1 (α).
Remark 11. Global aspects of principal lines of immersed hypersurfaces in R 4 was studied in [13] .
Concluding Comments
In this work an effort has been made to present most of the developments addressed to improve the local and global understanding of the structure of principal curvature lines on surfaces and related geometric objects. The emphasis has been put on those developments derived from the assimilation of ideas coming from the QTDE and Dynamical Systems into the classical knowledge on the subject, as presented in prestigious treatises such as Darboux [6] , Eisenhart [9] , Struik [78] , Hopf [55] , Spivak [77] .
The starting point for the results surveyed here can be found in the papers of Gutierrez and Sotomayor [43, 44, 48] , as suggested in the historical essay contained in sections 2.1 to 2.3.
The authors acknowledge the influence they received from the well established theories of Structural Stability and Bifurcations which developed from the inspiring classical works of Andronov, Pontrjagin, Leontovich [1] and Peixoto [63, 64] . Also the results on bifurcations of principal configurations outlined in [45] and further elaborated along this work are motivated in Sotomayor [71] .
The vitality of the QTDE and Dynamical Systems, with their remarkable present day achievements, may lead to the belief that the possibilities for directions of future research in connection with the differential equations of lines of curvature and other equations of Classical Geometry are too wide and undefined and that the source of problems in the subject consists mainly in establishing an analogy with one in the above mentioned fields.
While this may partially true in the present work, History shows us that the consideration of problems derived from purely geometrical sources and from other fields such as Control Theory, Elasticity, Image Recognition and Geometric Optics, have also a crucial role to play in determining the directions for relevant research in our subject. In fact, at the very beginning, the works of Monge and Dupin and, in relatively recent times, also the famous Carathéodory Conjecture [17] , [39] , [50] , [51, 52, 53] , [56] , [59] , [61, 62] , [68] , [69, 70] , [83] , represent geometric sources of research directions leading to clarify the structure of lines of curvature and their umbilic singularities.
